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Abstract 

In this paper we establish asymptotic results for Christoffel functions with respect 
to measures supported on Jordan curves having a Radon-Nikodym derivative with a 
jump singularity. We extend the results known for measures supported in the interval 
[—1,1] to more general sets, for example a system of Jordan curves, using polynomial 
inverse images. It is shown that the asymptotic limit can be written in terms of the 
equilibrium measure or Green’s function. 
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1 Introduction 

Let ^ be a Borel measure with compact support in the complex plane, and assume that 
supp(^) is an infinite set. The functions 

Xn{fJ.,z)= inf [ \Pn\‘^d^i, (1.1) 

Pn{z) = l J 

where the infimum is taken over all polynomials of degree at most n, are called the Christof¬ 
fel functions associated with /i. Let Pk{z) denote the orthonormal polynomials with respect 
to p. It is known that 

n 

K^{^^^z) = '^\pk{z)\^. ( 1 . 2 ) 

fc =0 

Our goal is to study the asymptotic behavior of the Christoffel functions for a measure 
/i supported on a finite union of Jordan curves at a point zq for which p is absolutely 
continuous in a subarc J containing zq with respect to the arc length measure, and its 
density function having a jump singularity, i.e. if fj : (—1,1) ^ J is the parametrization 
of J with /,/(0) = Zq, then 

= A, = B, (1.3) 

for some A, B > 0, A ^ B. 
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Christoffel functions have been studied extensively even in the last century. One im¬ 
portant early due to Szegd states that if /i is an absolutely continuous measure on the unit 
circle with then if log is integrable, we have 


lim Xn{d',z) 

n^oo 


(1 - |2;p)exp 




e** + z 


log p! {t)dt 


zl < 1. 


For more details on this result, see the book |3] or Section 4.11 in [7]. 

Asymptotic results for Christoffel functions with respect to measures supported in the 
complex plane with continuous density function have been established in |12| by V. Totik. 
In [3], A. Foulquie Moreno, A. Martinez-Finkelshtein and V. L. Souza proved asymptotic 
results for measures supported on [—1,1] where the density function has a jump singularity 
at 0. That result has been extended to measures supported on a compact subset of the real 
line by P. Nevai and V. Totik in [8j. Our aim is to establish similar results for measures 
with support on a finite union of rectifiable Jordan curves. In this section we recall a few 
important concepts and state our main theorem. We begin with the definitions of capacity 
and the equilibrium measure. 

Let /j, he a finite Borel measure with compact support, and define the so-called energy 
functional 

I{n) = j J log\z — w\d^i{z)dfj,{w). 

For a compact set AT C C, the energy of K is defined as 


I{K) = sup{/(/r) : supp(/r) = K,n{K) = 1}. 


The capacity of K is defined as 

cap(iF) = 

If A C C is an arbitrary Borel set, then the capacity is defined as 


cap{E) = sup{cap(Ar) : K C E, AT compact}. 

For a detailed discussion on capacity, see |9] or m- 

Definition 1.1. Let K he a compact subset of C. If ojk is a measure such that I{ujk) = 
I{K), then cok is called an equilibrium measure. 

For compact subsets AT C C of finite energy I{K) > —oo, the equilibrium measure 
exists and is unique. For a detailed discussion on equilibrium measures and its properties, 
see [9]. 

Definition 1.2. Let /r be a Borel measure such that its support K = supp(/r) is compact 
and contains infinitely many points, /r belongs to the class Reg, if for any sequence {AnlneN 
of nonzero polynomials with deg(P,i) < n, we have 

hmsupf ] <1, zeK\E, 

n^oo y y 

where A is a set with capacity 0. 

There are multiple equivalent definitions for the Reg class. For more details, see m, 
Theorems 3.1.1, 3.2.1 and 3.2.3. Most important for us is the case when the support is 
regular with respect to the Dirichlet problem. 
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Remark 1.3. Let /i £ Reg. Assume that K = supp(^) and H denotes the unbounded 
component of C \ iL. If C \ is regular with respect to the Dirichlet problem, then for 
every sequence {RnjneN of nonzero polynomials with deg(P„) < n, we have the uniform 
estimate 

limsup T ^^^^ \ <1. (1.4) 

n-i>oo \\\^n\\L'^(^) J 

In the proof of the main theorem, it is enough to use the uniform estimate (|1.4I) . An 
important regularity criteria can be given with the aid of the Radon-Nikodym derivative 
with respect to the equilibrium measure. If /r is a Borel measure on the complex plane with 
compact support supp(/r) = K, then 

, ^ > 0 UK — a.e. implies u £ Reg. (1-5) 

dUK 

This is the so-called Erdos-Turan condition. For more details, see Theorem 4.1.1. 
Finally, we review the concept of Green’s functions. 

Definition 1.4. Let D be a domain in the extended complex plane CU {oo}, and suppose 
that D contains a neighbourhood of oo. The function §£>{■ , oo) : D —>■ (— 00 , 00 ] is called 
the Green’s function with pole at infinity for D, if 

(i) 5 _d(' ; 00 ) is harmonic on D and bounded outside neighbourhoods of 00 , 

(ii) we have 

gniz, 00 ) = log \z\ -|- 0(1), z —>■ 00 

(iii) gniz, 00 ) —>■ 0 as z —>■ ^ £ dD \ E, where F is a set of capacity zero. 

Our goal is to prove the following theorem. 

Theorem 1.5. Let T be a union of finitely many reetifiahle Jordan curves lying exterior 
to each other and let g be a Borel measure supported on T sueh that the Radon-Nikodym 
derivative dg/dsr, where sr denotes the arc length measure, is positive sy- almost every¬ 
where. Let zq £ r be given, and assume that dg/dsr has a jump singularity at zq, i.e. 
holds for some A, B > 0, A B. Then 

Jim 

dsr 

where uy denotes the equilibrium measure ofT. 

Note that A A = B, then changing A to A -|- e and letting e to 0, we obtain 

dg{zo) dsYizo) 

hm nXn{g,zo) = - z -, 

n^oo dSY dUY 

which was proved in [12]. Theorem 11.51 is a special case of the following theorem, which we 
will prove. 

Theorem 1.6. Let g £ Reg be a Borel measure in C sueh that K = supp(/r) is compaet 
and if LI denotes the unbounded component ofC\K, then cap{K) = cap(int(C \ 11)). Let 
Zq £ dLl and suppose that there is an open disk D with center at zq sueh that D O K is 
a smooth Jordan are J where g is absolutely continuous with respect to the are length 
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measure sj and dfi = w^dsj holds. Also suppose that has a jump singularity at zq, i.e. 
(ID holds for some A,B>0, A^ B. Then 


where ujk is the equilibrium measure of K and denotes the normal derivative of 

gQ {-, oo) with respect to the inner normal ofQ.. 

In Section 2, we review the tools we need to prove Theorem 11.61 and we carry out the 
proof in Section 3 .We mainly follow the method of [12], although the jump singularity 
causes major differences in the proof. The proof consists of three main steps. First, we 
transform the result from [—1,1] to T = {z € C : jz] = 1}, and from this, we obtain 
asymptotic results for measures supported on lemniscates, i.e. level lines of polynomials. 
Finally, we prove the general result by approximating Jordan curves with lemniscates. 


Ji^ n\n{fJ-, zq) dwK(zo) log A — \ogB 

dsj 


= 27r| 


dgnizo,oo) 

dn 


-1 


A-B 


log A — log B ’ 


( 1 . 6 ) 


2 Tools 


2.1 Approximating curves with lemniscates 

Let T/v be a polynomial of degree N. With the notation T = {z G C : |z| = 1}, we call 
the level set of the polynomial Ttv 

a = T-\T) = {zeC-.\TM{z)\ = l} 

a lemniscate. The set L = T^^(D), where B = {z G C : |z| < 1} is the open unit disk, is 
called the closed lemniscate domain. Lemniscates have some useful properties, and we will 
rely mostly on the following theorem proven in |6] by B. Nagy and V. Totik. 

Theorem 2.1. Let F consist of finitely many Jordan curves lying exterior of each other, let 
K be the union of the domains enclosed by F, let P G F, and assume that in a neighbourhood 
of P the eurve is smooth. Then for every e > 0 there is a lemniscate ap = a consisting 
of Jordan curves sueh that a touches F at P, a contains K in its interior exeept for the 
point P, every component of a contains precisely one component ofT, and if L denotes the 
enelosed lemniscate domain, then 

d9c\K{P,oo) dgc\L{P,oo) 

-^^-h e 

dn dn 

Also, for every e > 0, there exists a lemniscate a eonsisting of Jordan eurves sueh that 
a touches F at P, a lies strictly inside of K except for the point P, a has exactly one 
component lying inside every component ofT, and 

dgc\L{P,oo) ^ dgc\K{P,oo) 

dn ~ dn 

We will need a certain family of lemniscates to behave in a way that the degree of a 
polynomial, whose level set yields a lemniscate from this family, is bounded by an absolute 
constant N. The following theorem grants this in some cases. 

Lemma 2.2. Let F eonsist of finitely many Jordan curves lying exterior to eaeh other and 
let P gT and assume that for some disk D with eenter at P, V D is a are. Then for 
any Q G F lying sufficiently close to P, the lemniscate gq, given by either the first or the 
second part of Theorem \2.1[ ean be a translated and rotated copy of ap. 

The proof can be found in |12j . Theorem 2.3. For a more detailed discussion on lem¬ 
niscates and its properties, see |6] and Section 2 in |12] . 


+ £■ 


( 2 . 2 ) 


( 2 . 1 ) 
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2.2 Fast decreasing polynomials 

To transform the known results from [—1,1] to general sets, we need polynomials which 
imitate the behavior of the Dirac delta, but their degree does not increase too fast. For 
this purpose, we need the following theorem. 

Theorem 2.3. Let K be a compact subset ofC, let D be the unbounded component ofC\K 
and let zq £ dLl be an arbitrary point. Suppose that there is a disk D Ll with zq £ dD. 
Then there are constants Cq , cq > 0 such that for every n £ N, there exists a polynomial 
Sn,zo,K of degree at most with Sn,zo,Kizo) = 1, \Sn,zo,Kiz)\ < 1 and 

\Sn,zo,Kiz)\ < , \z-zo\>n-^/^°, z^Q. (2.3) 

Also, if Zq lies inside a boundary open arc J of dQ such that J = dLl n O with some 
open set O, then the constants Cq, cq for which (ESI) holds, can he chosen to be independent 
of Zq lying in any closed subarc of J. 

The theorem and the proof can be found in |12) . Corollary 4.2. For a more detailed 
discussion on fast decreasing polynomial constructions, see [5] and Section 4 in |12] . 


2.3 Properties of Green’s fnnctions 

Green’s functions are needed because they are, in a sense, strongly connected to equilib¬ 
rium measures. Since, as Theorem 11.61 states, the asymptotic behavior depends on equilib¬ 
rium measures, we shall leverage this. The following two theorems describe this connection 
in detail. 


Theorem 2.4. Let ^ he a Jordan curve, let K he the closure of the domain enclosed by 
7 and let be the conformal map from Coo \ K onto the exterior of the unit disk. Then 
extends to a homeomorphism of ^ onto the unit circle T := { 2 ; £ C : jzl = 1} and the 
equilibrium measure uik is the pullback of the normalized arc length measure on T under 
i.e. for every Borel set E, we have uk{E) = \^{E)\/2'k, where \- \ denotes the arc length 
measure. 


Theorem 2.5. Let K he a compact set on the plane, P the unbounded component ofC\K, 
and J a arc on the boundary of VL such that J = dLl D O for some open set O. Assume 
that 0 \ J has two components, from which one of them is a subset of P, and the other is 
a subset of K. Then on J, we have 


dojxiz) 


1 dgc\K{z,oo) 
2tx dn 


dsj{z). 


These theorems are proved in Section 3 of |12] . For a more detailed discussion on 
equilibrium measures and Green’s functions, see Section 3 of |12] . or [9]. 


2.4 Polynomial inequalities 

Lastly, we review the tools needed for estimating norms of polynomials. 

Theorem 2.6 (Nikolskii). Let 0 < q < p < 00 , let {Pn} be a sequence of polynomials 
on some interval [a,b] with deg(Pn) < n, and let {Tn} be a sequence of trigonometric 
polynomials onT = {z (zC : \z\ = 1} with deg Tn < n. Then we have 

\\Pn\\LPla,b] = O{n^~r)\\Pn\\L0la,b] ( 2 - 4 ) 
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and 


(2.5) 


\\Tn\\LP{T) — 0{n‘! p)\\Tn\\Li{T), 

2_2 l_i 

with 0{nt p) and 0{ni p) independent of Pn and T^. 

Although this result should be stated as an inequality, the preceeding form will be the 
most useful for us. For the precise statement of the theorem and the proof, see Theorem 
4.2.6 in [2]. For Jordan curves and arcs, we have the following theorem. 

Theorem 2.7. Let 1 < p < oo, let J be a C‘^ Jordan curve or arc, and let Pn be a 
polynomial of degree n. Then 

sup \ Pn{z)\ < cr?^"^ 

z£j 

for some constant c > 0 . 

For more details and proof, see Theorem 6 in [T] or Corollary 3.10 in Ha- 

Remark 2.8. We often use Theorem 12.71 for measures supported on Jordan curves behav¬ 
ing like arc length measures on subarcs. That is, let 7 be a Jordan curve, and let 71 ,..., 7 ^ 
be disjoint subarcs of 7 such that 71 U • • • U 7 ^ = 7 , and let oi,..., be positive numbers. 
Then for the measure dp,{z) = have, for example 

||-Pn|l7 < cn||P„||i2(^). (2.6) 

Theorem 2.9 (Bernstein). Let K C C be a compact set, let be the unbounded component 
of C\ K, and also let J C dQ be a closed arc such that J = dLl fl O, where O is an 
open set. Let Ji be a closed subarc of J not having common endpoints with J. Then for 
every D > 0, there is a constant Cd such that 

\p'n{z)\ < ConWPnWK-, dist( 2 ;, Ji) < —. (2.7) 

n 

For proof, see Section 7 in |12j . 


i/p 


\Pn\^dsj 


3 The main result 


The proof of Theorem 11.61 is executed in three steps. First, we prove the theorem for a 
measure supported on the unit circle with a pure jump function as its weight function. For 
our purposes, it will be enough to know the result on the unit circle for this exact measure, 
because as we shall see, the asymptotic behavior of the Christoffel function at the boundary 
will depend mostly on local properties of the measure. Then, by applying the method of 
polynomial inverse images, we transform the result from the unit circle to lemniscates and 
then to general curves. For a complete discussion on the polynomial inverse image method, 
see [13]. For convenience, we define the pure jump functions 


and 


VM.{t) = 



(a if t < 0 , 

(3.1) 


R if t > 0 

if — 7r/2 < t < 'kI2, 
if ' 7 r /2 <t< 37 r/ 2 , 

(3.2) 


where A,B > 0 and A ^ B. Before we turn to the proof of our main result, we need two 
important lemmas which will be used frequently. 
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Lemma 3.1. With the notations and the assumptions of Theorem \l.(K we have An(/x, zq) < 
Cn~^ for some constant C > 0. 

Proof. Define u := fJ-\K\Jo + (sup^gj^ u>^(z))sjp, where Jq is a subarc of J such that zq G 
Jq and the supremum above is finite. It is clear that Xn{fr,ZQ) < An(z^, ^o); but for n, 
the asymptotic behavior is known. From |12| . Theorem 1.2, it follows that Xn{n,zo) = 
O(n-i) □ 

Lemma 3.2. Let p, be a finite Borel measure on the complex plane and let C N 

be an increasing subsequence o/N such that we have nk+i/uk —>■ 1- Then 

c < liminf nfcA„j^(/i, z) < limsupnfcA„j^(/r, z) < C 

/c—>00 


implies 


c < liminf reAn(/U, ^;) < hmsupnA,i(^, z) < C. 

n—>oo n—>oo 


Proof. For all n G N, define nfc(m) := max{nfc : < m}. Xn{fx,z) > An+i(/r,z) implies 

that for all n, we have 

nk(m)^nk(^m)iT, z) > -^^rnXm{h,z) > — 


This implies 

nk(m) 

hmsupmAm(/i,^) = limsup- mXm{h,z) < limsup < nk(m)Xn^:^^){h, z) = C. 

m^oo m—>-oo '^k{m)+l m—>-oo 


The proof of 

is similar. 


c < liminf mAm(/x, z) 

m^oo 


□ 


3.1 Transferring the result from the interval [—1,1] to the unit circle 

Let fxj- be a Borel-measure on the unit circle such that we have dfi'f{e^^) = V'i{e^^)dsT{e^^), 
where st denotes the arc length measure on the unit circle and ut was defined in (|3.2I) . 
Note that dfij/dsf > 0 and therefore according to (|1.5I1 . we have fvj G Reg. We wish to 
deduce 

lim nXn{tiT,e^'^/^) = Itt- — ^ (3.3) 
n^oo log A — log B 

from results known for the interval [—1,1]. For this purpose, we shall transform the measure 
pLf into a measure on the interval [—1,1] via the mapping y? : e** cost. Note 

that for ns to be able to do this, the symmetry of the measure pLf is needed. With this 
transformation, we have 


j /(cost)(i/iT(e*‘) = 2 J J{x)dp.[_i^i]{x) 


and if ^{x)dx, then 


Vfie^^) = „ (cos t) sin t, t G [0, tt). 


(3.4) 


(3.5) 
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According to a result of A. Foulquie Moreno, A. Martmez-Finkelshtein and V. L. Sousa, 
we have 

A — B 

lim nA„(/rr_i i],0) = TT---- ^(3.6) 

n^oo ^ J log A — log B 

This is a special case of [3], Theorem 11. For more details, see the aforementioned article 
or [8]. To obtain (13.3p . we shall establish the lower and upper estimates 

i- A -i-A ^ nA„ (//T, ), lim sup nA„ (/xt , ) < 2tt ---^- -. 

log A - log S n^oo n-^oo log A - log S 

Lower estimate. Let S' 2 n(e**) be the extremal polynomial for Define 

2[?7nJ 


/ 1 _L ghi-Tf/S) 

P*ie^^) = S2nie^^){^-^ - 


^-i(n+l'nn\){t-Tr/2) 


and Pji(cost) = + P*(e“**). Note that P„(cost) is a polynomial in cost, deg(Pn) < 

n+ [7?nJ, and Pn{0) = 1- We wish to estimate the integral |Pn(cost)|^d/XT(e**). We do 
this by splitting the domain of integration into several pieces: we carry out our estimations 
in the intervals 

[-TT, -7r/2 - (5], [-7r/2 - 6, -7r/2 + 5], [-7r/2 + 6,7r/2 - (5], [7r/2 - <5,7r/2 + h], [7r/2 + h, vr], 
where <5 € (0,'7r/2) is arbitrary. First we deal with the integral over [7r/2 — h,7r/2 + 5]. We 
claim that 

|P.(cost)p = |P„*(e*‘)p + 0(<?") (3.7) 

holds for some |g| < 1 in [7r/2 — h,7r/2 + h]. To see this, we have 

|P.(cost)|2 = \P*iP^) + P*ie-^^)\^ < \P*{e^^)\^ + 2\P*{e^^)\\P*{e-^^)\ + 

It suffices to show that |P^(e**)||P^(e“®*)| = 0{q'^) and |P^(e“**)p = 0{q^). This follows 
from a regularity argument and the fact that 


1 + e 


i(t— 7 r/ 2 ) 


2L»?nJ 


= 0(g"), te[-7r,7r]\{7r/2}. 


(3.8) 


Indeed, the regularity of /xt means that if e > 0 is an arbitrary small number, then there 
is an no G N such that for all n > no, we have 


IP. 


n Iloo 


<{l + er\\P*\\2. 


(3.9) 


Since we have 1|P^||2 < ||'S' 2 n ||2 = 0{n ^/2), if e > 0 is small enough, it can be seen from 
(13.8p that |P^(e**)||P*(e“**)| = 0{q'^) and |P^(e“**)|^ = 0{q'^). Therefore we have 


r* 7 r/ 2+(5 

T j2—5 


^ 77 / 2+5 

Pn(cosf)pd/XT(e**) < 0(g") + / |5’2n(e*0Pcl/^T(e**) 

J 7 r/ 2—5 


<0(<?")+A2n(/^T,P"/2). 

For the integral |Pn (cos t)p(i^T(e**), using the same argument, we have 

r*— 7 r/ 2+(5 


' —iTf2—5 


|Pn(cosf)pd/XT(e**) < 0{q^) + A 2 n(/.iT, 







Now we deal with the integrals over [—vr, — 7 r /2 — (5], [—' 7 r /2 + (5, 7 r /2 — (5], [ 7 r /2 + 5, vr]. These 
three cases are very similar. We claim that |P„(cost)| is exponentially small in these inter¬ 
vals. Indeed, this can be seen by noticing that |(1 -|- g*(i-’r/ 2 )^y' 2 |^l-» 7 »^l -g ^^jg^ exponentially 
small and applying the regularity argument (13.9p for S 2 n- Therefore we have 


7r/2 —(5 


/. 

I 


TV f2—S 
—7 v/2-\-5 


|Pn(cost)pd/iT(e*‘) = 


|P„(cost)pd/rT(e*‘) = 0{q'^), 


|Pn(cost)pd/iT(e**) = 0(g”). 


Combining these estimates and using dm), we have 


'-1 


\Pn{x)\‘^= - J \Pn{cOSt)\^dflT{P*) 
<0(O + A2n(MT,e*"/2). 


Therefore 

liminf 2 ( 1 -h-^^)nA„+Lr;nj(M[-i,i]: 0 ) < liminf (l-h-^^) 2 re [ |T’„(x)p(i/i[_i i](a;) 

n— >00 \ n / L / J I ) J n— >00 V n / J _i 

< Iminf (^1 + + 2nA2n(AiT,e*^'^^)^ 

= (1 + r/) liminf 2 nA 2 n(MT, 

n—)-oo 


This estimate only holds on a certain subsequence of Xn{f^T,e'^'^P), but Lemma 13.21 grants 
us our estimate over the whole sequence. Now applying f|3.6ll yields 

4 - (1 + ?/) liminf nAn(/iT,e“/^). 
log A — log B n->-oo 

Since 77 > 0 is arbitrary, we have 

- A — r~~B - liminfnA„(/rT,e*’"/^), (3.10) 

log A — log B n^oo 

and this is our desired estimate. 


Upper estimate. Let be the extremal polynomial for An(//[_iq],0). Define Sn{P^) 
with 

:= Pnicost) 

where r/ > 0 is an arbitrary small number. Note that Sn{P^) is a polynomial of de¬ 
gree (2 -|- with = 1- We wish to give an upper estimate of the integral 

j-T^ l'S’n(e*^)pd;UT(e**). Again we do this by splitting domain of integration into several 
parts, and deal with them separately. First, we estimate the integral over [71/2 — 5,71/2 + 5]. 


1 _|_ 


\r]n\ 


^in(t—-K l+i 
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With ()3.4I) and (13.5p. we have 

p7v/2-\-5 


riv l2-\-5 

/ |5„(e**)pd/rT(e*0 

< 

/ |Pn(cost)|^(i/iT(e**) 

J TV j2—5 

J 

7r/2—(5 



rcosiiv 12—5') 

/ \Pn{x)\^w^,_^Jx)\/l-x^dx 


J 

< 

cos(7r/2+(5) 

^cos(7r/2—5) 

/ \Pn{x)\^W^ {x)dx 


J 

cos(7r/2+^) 


Ai ^n(/^[-l,l]) 0), 


thus we have 



(3.11) 


Now we estimate the integral over the intervals [— 7 r, 7 r /2 — 5] and [ 7 r /2 + 5,vr]. For this, 
notice that we have 


1 + e 


i(t—7r/2) 


[T?nJ 


= 0{q^), g < 1, t € [- 7 r, 7 r /2 - (5] U [ 7 r /2 + (5, tt], 


(3.12) 


Using (1331) similarly as in the lower estimate, we have ||Pn||oo = 0 (ri^/^), therefore 

+ r |5„(e*0Pd/iT(e'0 = 0{q^), \q\ < 1. (3.13) 

J —TV J 'k/2-\-6 

Combining (13.lip and (I3.13D . we have 


-^2n+Lr?nj(AiT,e*^/2) < / |5n(e*‘)pd/r(e*‘) < + 0{q^), 


thus by (|3.Hli . we obtain 


limsup (2 + -^^)nA2„+L^„j(/UT,e*’"/2) < limsup (2 + -^^)n( 0 (g”) + Xn{f^[-i,i], 0 )) 

n—yoo ^ Tl / n —^oo ^ Tl / 


lrjn\ 


n^oo 

= (2 + r])7r 


n 

A-B 


log A — log B 


Since 77 is arbitrary, we have 


limsupnAn(/rT,e*^'^^) < 27r 


A-B 


log A — log B ’ 


(3.14) 


Now (13.31) follows from ()3.10l) and ()3.14p . 


3.2 Prom the unit circle to lemniscates 

Let a = {z £ C : \T]\f(z)\ = 1} be the level line of a polynomial T/v, and assume that cr 
has no self-intersection. Suppose that deg(T 7 v) = N, and let zq G cr be arbitrary. Without 
the loss of generality, we can assume that T^^zq) = The points TN\e- -i7r/2) 

into N disjoint arcs cii U • • • Uaisf. We can also assume that zq £ ai- Denote the restriction 
of Ttv to cjj with Tjv^j. Note that except for the possible endpoints, Tjv^j : Uj —)• T is one- 
to-one and therefore invertible. With the definition hij : ai —>■ ctj, hij(z) = T^^j(T]\i(z)), 
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we introduce the notation zj = hij{zi) for every possible i,j. If denotes the arc length 
measure, we have 


dSfji^Zj^ — dSfj (^2)) — 

Therefore for all / : cr —)• C, 




Tdjq{hij(^Zi)) 


dS(j(^Zi^ 






dsa{zi). (3.15) 




f{zi)\T'j^{zj)\ds„{zj)= j f{zi)\T'j^{hij{zi))\ 

J (7i 

= [ f{Zi)\T']^{Zi)\dSaiz,, 
J a-i 


dS/j (. 2 ^ 2 ) 


holds. From this, it follows that 


N 

('^fizi))\TNizj)\dsa{zj)= / fiz)\T'^{z)\dsaiz) (3.16) 

i=l da 


and 

^ N 

/ {'^f^^i))\TN{zj)\ds„{z) = N j f{z)\T'j^{z)\ds„{z). (3.17) 

Ja Ja 

If 5 : T —>■ C is arbitrary, we have 


[ oiTwi 

J (T 


^))\TNiz)\dsa{t) = N g{e )dt. 


/*27r 

Jo ■ 


(3.18) 


For more details about lemniscates and its properties, see Section 2 of [12] • Another impor¬ 
tant property of lemniscates is that we can explicitly construct the Green’s function with 
pole at infinity of outer lemniscate domains. To be more precise, we have the following 
theorem. 


Theorem 3.3. Let a = {z : \Tisf{z)\ = 1} be the level line of the polynomial Tjsf of degree 
N and denote the enclosed lemniscate domain with L. Then 


(i) gc\L{z,oo) = 
(U) = 

^here 

L. 


log \Tn{z)\, 

denotes the derivative of g£\];^{- , 00 ) with respect to the outer normal to 


For more details and proof, see Section 3 of [T2|. We define the measure 

dna{z) = VT{TNiz))dSa{z), 


(3.19) 


where s^ denotes the arc length measure of a, and ut was defined with (13.2p . Our goal is 
to prove 


lim nXn{p,a,zo) = ^tt 

n—¥oo 


N A-B 
T'j^{zo)\ log A-logs 


27r 


dgc\L{zo,oo) 

dn 


^ A-B 
log A — log B 

(3.20) 


Note that with the application of Theorem 12.51 and Theorem 13.31 we have 


1 Kiz)\ 

27r N 


dsa{z) = dujL{z), 
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therefore (j.S. 2 np can be written as 


V \ ^ , ds^{z) A-B 

Inn n\n[fJ,a,Zo) = ^ 

n^oo diOL log A — log B 

where L denotes the enclosed lemniscate domain. 

Lower estimate. Let Pn be the extremal polynomial for An(/.tcr,-^o); where /To- was 
dehned in (j3.19p . and let Sn,zo,L be the fast decreasing polynomial given by Theorem 12.31 
where L denotes the lemniscate domain enclosed by Tjv. Then Rn{z) = Pn{z)Sn,zo,L{z) 
is a polynomial of degree at most n + and \Rn{zQ)\ = 1 holds. Let 77 > 0 be an 

arbitrary small number, and choose (f > 0 such that for every 2 : G cr with \z — Zo\ < S, z 
lies inside the subarc cJi, and we have 


\TNi^)\ ^ + v)\'^n(zo)\- 


(3.21) 


Outside of 1 2 ; — zqI < <5, we also have \Rn{z)\ = for some |q| < 1. Indeed, 

the Nikolskii-type inequality in (12. 6 p gives us HT’nllo- = and since \Sn,zo,L{z)\ = 

Q(^ni/iiO) fQj- I 2 : _ 2 ;o| > (5 if n is large, we obtain that \Rn{z)\ = outside of 

\z — zo\ < 6 . Now, the expression Yl^i^n{zi), where {zi,.. ., zn} = T^^{Tn{z)), is 
symmetric in the 2 j-s, therefore it is a sum of elementary symmetric polynomials. It follows 
that there is a polynomial Qn of degree at most (n + such that 


N 


Qn{TN{z)) = '^Rn{Zi), z ^ a. 


(3.22) 


2=1 


For more details on this idea, see Section 5.2 in [12] or Section 5 in m- With the obser¬ 
vations made previously, we have 


N 


\Qn{TN{z))\^ <Y.\Rn{Zi)\^ + 0{q 


„l/ 220 ^ 


(3.23) 


i=l 


if the 5 > 0 choosen previously is small enough, since for any nonequal i,j, the distance 
jzi — Zj\ cannot be arbitrarily small. It is important to note that 


Qn(T7v(^0))=Qn(e*^/") = 1 + 0 ( 1 ) 


(3.24) 


Since \Rn{z)\ = 0 ( 5 "’^^^^°) outside of |2 — 2 o| <5, applying (|2.3p . (|3.17p . (I3.23P yields 
\Qn{TN{z))\^\T'j^{z)\v'f{TM{z))dSa{z) 

< [ \Rniz)\^\T'j^iz)\vr{TN{z))dsAz) 

J\z—zq\<S 

< + (1 + 7?)A^|r)v(2;o)|An(/r,j,2o). 

On the other hand, with (I3.24p . we have 

\Qn{TN{z))\^\T'j^{z)\vj{TN{z))dSa{z) 

p27V 

= N / \Qn{e^^)?vr{P^)dt 

JQ 

>(l + o(l))iVAd,g(Q^)(7rT,e*"/2), 




L 
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where /tt is defined as in Section Id. 11 i.e. = vj{e^^)dt. Using deg((5„) < (n + 

ni09/iiO)/iV, we have 

hminfdeg(Qn)Adeg(Q„)(/iT,e*’"/^) < liminf(l + n"^/^^°)n/iVAdeg(Q„)(/iT, 

< (1 + ry) liminf nXnilia, zq) 

n—)-oo iV 


from which, since rj > 0 is arbitrary and (13.31) holds, the application of Lemma 13.21 yields 
the lower estimate 


N A-B 

Ott _ 

|r_iv(-2^o)|log^-logB 


< liminf nXn{Ha, zq). 

n^oo 


(3.25) 


Upper estimate. Let ry > 0 be an arbitrary small number, and similarly to ()3.21jl . 
choose h > 0 such that for every z with |z — zqI < <5) 


EhaL < |r;(z)| ( 3 . 26 ) 

holds. Let Qn be the extremal polynomial for An(AiT) The Nikolskii-type inequality 

in (I2T]) gives us ||Qn||oo < cn||Qn||L 2 (/ 2 T)- 
Dehne Rn with 

Rn{z) := Qn{TN{z))Sn,zo,L{z), 

where Sn,zo,L{z) is the fast decreasing polynomial given by Theorem 12.31 and L denotes 
the lemniscate domain enclosed by T]\f. Note that Rn is a polynomial of degree deg(i?n) < 
nN -|- have Rn{zQ) = 1. Since Sn,zo,L is fast decreasing and ||Qri||oo < 

cn\\Qn\\L2(^,^) = 0{n^/‘^), we have 


sup \Rn{z)\ 
2;eL\{^;h—2 ;o|<<5} 


oiq 


1/220, 


for some |( 7 | < 1. It follows that 


'\zo—z\>5 

On the other hand, with (I3.26j) . we have 


f \Rniz)\'^VT{TNiz))dSa{z) = ). 

J \zc]—z\>S 


'\zq—z \<5 


\Rn{z)\^VT{TN{z))ds„{z) < 


|2 


< 


/ |Qn(T7v(^))| —r-—V'f{TN{z))dSn{z) 

'\zo—z\<S UAr('2^)l 

l + r] 


r2TT 


\Qn{e^^)fvT{e^^)dt 


= {l+r]) 


Combining these two observations, we have 


^^(^o)| Jo 


K{zo)\ 


\ r.. .. 1 

^deg{Rn)\d‘o-^ ^ 0 ) ^ o[q ) -|- (1 -|- ry) , , ,, , 

UArl^ojl 
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from which 


hmsupdeg(i2n)Adeg(i?„)(Aif7,2o) < (1 + r/) hmsupdeg(i?„ 


/ N 

< (l + ??)hmsup 

n->-oo 


K{zo)\ 

(n + ^ 109 / 110 /^)^^ 


follows. Since i] > 0 was arbitrary, \n{iJ,j, = 0(n and we know that 

lim nAn(/rT, = 27r- ^ ^ 


log A — log B 

holds, the application of Lemma 13.21 yields the upper estimate 
, ,, , N A-B 

hmsupnAn /i^,2;o < 27r ----^--. 

n^oo |r^( 2 ;o)| log logs 


(3.27) 


3.3 The general case 

Now we turn to the proof of the general case. Recall that according to our assumptions 
in Theorem 11.61 /x is a Borel measure in C with compact support K = supp(/x), cap(7L) = 
cap(int(C \ Q)) holds, where fl denotes the unbounded component of C \ RT. Also assume 
that for our zq € dil, there is an open disk D with its center at zq such that J := Dr\K \s 
a smooth Jordan arc. On this J, the measure /x is absolutely continuous with respect 
to the arc length measure sj and d/x = Wfj_dsj holds. Our assumption about the weight 
function Wfj, is that it has a jump singularity at zq with one-sided limits A, B > 0, A ^ B, 
i.e. (jl.jp holds. For convenience, we express /x in the form 

dn{z) = w^{z)dsj{z) = wo{z)vu{fj^{z))dsj{z), (3.28) 

where wq is continuous, wq{zq) = 1, /j : (—1,1) —>■ J is a one to one parametrization of 
J with /j(0) = zq and ur is defined as in ()3.ip . Before we turn to our lower and upper 
estimates, we need a lemma. 


Lemma 3.4. With the assumptions and notations made before, for every £ > 0, there 
exists a lemniscate azg such that ct^q lies strictly inside int(C \ fl) except for the point zq 
where az^ touches J and for the enclosed lemniscate domain L of Oz^ we have 

dgc\L (zo,oo) dgc\n (zo,oo) 

-^^-h £ 

dn dn 

In a similar manner, for every e > 0, there exists a lemniscate azg such that int(C \ 11) is 
strictly inside the enclosed lemniscate domain L of except for the point zq where az^ 
touches J, and we have 


(3.29) 


dgc\n{zo,oo) ^ dgc\L{zo,oo) 
dn ~ dn 


(3.30) 


The proof of this lemma can be found in ca, Section 5.3. Note that in the proof, the 
condition cap(Ar) = cap(int(C \ fl)) was used. 


Lower estimate. Let be the extremal polynomial for An(ix, zq); a-^d let Sn,zo,K 
be the fast decreasing polynomial granted by Theorem 12.31 By Lemma 13.11 we know that 
ll^n||L2(^) = 0(n-i/2)^ First, we need the following lemma. 
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Lemma 3.5. With the notations and the assumptions of Theorem M.fA if Pn is the mini¬ 
mizing polynomial for Xn{p,,Zo) and if Sn,zo,K is the fast decreasing polynomial granted by 
Theorem \2.S\. then there exists a polynomial H„ such that 
(l) Hnizo) = 1, 

(a) deg{Hn) = o{n), 

(Hi) \Hn{z)\ < 1 for all z G K, 

(iv) \PnHnSn,ZQ,K\ attains its maximum on K in the disk A^- 9 /io( 2 ;o) = {z G C : \z — zq\ < 
n-®/iO}, and we have 

sup \Pniz)Hniz)Sn,zo,Kiz)\ < (3.31) 

2:€ifnA^_9/lo(2o) 


for some constant c. 

Proof. The existence of Hn has been proved in |12] Section 6.2, and (I3.3ip follows directly 
from the application of the Nikolskii-type inequality found in Theorem 12.71 since dp,{z) > 
Co > 0 for every z G J A^-g/io for some constant cq if n is large enough, we have 


\PnH, 


'jnA 


y.r\\ 


q |2 

i*^n,ZQ,K 


'dsj < Cl / 


\P^H„S„ 


.|2u,, ^ II D II ... 


(3.32) 

for some constant ci. Therefore, using the maximum modulus principle and Theorem 12.71 
we have 


\PnHnSn,zo,K\\K A \\PnHnSn,zo,K\\KnA^_g/iQ{zo) — \\PnHnSn,zo,K\\jr\A^_g/j^Q{zo) 


^ C2uf / Sn,Z(),K I dsj j 

'^'^'^'^^-9/10 (^o) 

^ C3?7'f / \PfiHYi Su^zq^k] dfij 

d‘^^^^-9/10 (^o) 

< csnWPnh^i,) = 0(n^/^) 


1/2 

1/2 


□ 


Note that in Lemma 13.51 the condition // G Reg is used. Now let be a lemniscate 
inside C \ 12 given by the first part of Lemma 13.41 and suppose that = {z G C 
\Tn{z)\ = 1} for some polynomial Tjv of degree N with T]^{zq) = Lemma (3.41 grants 

us that if L denotes the lemniscate domain enclosed by we have 


d9c\L {zo,oo) dgc\n (zo,oo) 

-^^-h e. 

dn dn 

Let Pn be the polynomial given by Lemma [3.51 and define i?„ as 


(3.33) 


Pn(z) = Pn(z)Sl,^^j,(z)Hn(z). 

Then Pn is a polynomial with deg(Rn) = n + o(n), Pn(zo) = 1, and according to Lemma 
13.51 \Rn{z) / Sn,zg,K{z)\ attains its maximum in A^-9/io(2;o)- In a small neighbourhood of 
zq, we need the lemniscate to be close to the Jordan arc J in some sense. This is granted 
by the following lemma. 
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Lemma 3.6. Let z £ J such that jz — zo| < and let z* G be the closest point 

to z such that sj([zO)'2^]) = z*]) holds. Then the mapping q{z) = z* is one to one 

and \q{z) — z\ < C\zq — zj^. Also, we have dsj{z) = ds^^^iz*), thus with the notation 
In = {z* £ (JzQ ■ \z* — zo\ < we have 

[ \Rniz*)\^vj{TNiz*))ds..,iz*) = [ \Rn{q{z))\W{fj\z))dsjiz), (3.34) 

J Z*^In 

where ujr and ut are defined as in (EH, (1321). Therefore 


[ \Rn{z*)\^vj{TNiz*))ds,.,{z*) - [ \Rn{z)\^vu{fjHz))dsjiz) 

Jz*eln Jz*&In 


< Cn-^!^ 

(3.35) 


for some constant C. 


Proof. We will only prove (I3.35p . since the other statements are trivial. First we note that 
applying the inequality in Theorem 12.91 we obtain that 


\Rn{q{z)) - Rn{z)\ 
\q{z) - zj 


< Coin + o{n))\\Rn\\j, 


if is close enough to zq. The Nikolskii-type inequality in Theorem 12.71 with a reasoning 
similar to (13.321) (except for instead of PnIInSn,zci,K), tells us that 

||.Rn||j < \\Pn\\j < Cin\\Pn\\L2(ij.) < . 

We also have |z — zq] < , if \z* — zo\ < therefore we obtain 


\Rniqiz)) - Rniz)\ < C3n^P\qiz) - zj 
< C^rC’P\z — zop 

for all z* £ In- With the application of ()3.34p . we have 


(3.36) 


A = 


[ \Pniz*)\‘^VTiTNiz*))dSn,^iz*) - f \Rniz)\'^ V^ifj ^ iz))ds J (z 

Jz*&In dz*eln 


'z*eir 


(^\Rniq{z))\‘^ - \Rniz)\^^VR{fj^{z))dsjiz 


which we need to estimate. The application of the inequalities of Holder and Minkowski 
yields 


1/2 




'Z*^ln 


\Rniqiz)) - Rniz)\ v^ifj iz))dsjiz) 


1/2 


lz*&I„ 


\Rniqiz))\'^vuifj ^iz))dsj{z 


(3.37) 


1 / 2 - 




\Rniz)\'^VR{fj^{z))dsjiz 


' Z*Gln 
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We estimate these integrals one by one. Since J is a Jordan arc, the sj measure of In 
is at most for some constant Cq. Therefore for the first of the integrals above, 

(I3.36P yields 

/ „ \ V2 


I Z*eln 


\Rn{q{z)) - Rn{z)\‘^vu{fj ^{z))dsj{z) < Crn 


Since Pn is the minimizing polynomial for An(/i, zq) and Rn = PnSn zq with \Sn,zo,K{z)\ < 
1, \Hn{z)\ < 1 for all z (z K, we obtain that for the last integral in (I3.37p . we have 


1/2 


' Z*^In 


\Rn{z)\^v^{fj^{z))dsj{z)\ <Csn 


Finally, we have 


1/2 


' z*Gl„ 


\Rn{q{z))\ vuifj {z))dsj{z) 


' Z*Glr 


(|-Rn(9(2;))P - \Rn{z)\'^ + \Rniz)\‘^'^VM{fj ^iz))dsj{z) 


1/2 


<2lV2 + C8n-i/2. 


Combining these estimates, we obtain that 

<C9max{n-i5/20AV2,n-25/20} 


which implies 

71 < Cion-25/20^ 


and this is what we wanted to prove. □ 

Since wq is continuous and rco(2:o) = Ij we have wo{z) = (1 + o(l))'u;o(zo) = 1 + o(l) 
for all z € In A n is large enough. Using this and (I3.35p . we obtain 


Rn{z*)\^VT{TN{z*))ds^zAz*) 


lz*eln 


< 


< 


1 + 0 ( 1 ) 

Wo{zq) 


f \Rn{z)\‘^wo{z)vM.ifj^{z))dsj{z) + Cn^/'^ (3.38) 

Jz*<£ln 


(l + o(l)) f \Pn{z)\‘^wo{z)vK{fj^{z))dsj{z) + Cn 
j Z*£ln 


By Lemma 13.51 we have '^PnHnSn,ZQ,K'^K + cn^/^. Since Sn,zo,K is fast-decreasing for 
1-2; — 2;o| > we have 



Rn{z*)\AT{TN{z*))ds^Jz*) 


< Coe \\PnHnSn,zo,K\\KSazQAzo) 

< Dn^/2g-coni/iio 


(3.39) 
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for some constant D. Combining (j3..S8p and ()3.39p we obtain 



Rn{z*)fvT{TMiz*))ds^^^{z*) 


<(l + o(l)) j \Pniz)\‘^woiz)vM.{fj^{z))dsj{z)+Cn + 
< (1 + o(l))An(/r, zq) + 


On the other hand, we also have deg(iiri) = n + o(n) and 

^deg(i?„) (A'-o-zq ) ^o) ^ / \Rn{z )| dflu^^iz ), 

J z*£a;^g 

where dfia^^{z) = VTiTN{z))dSo-^^iz) is a measure on cr^g. To summarize the above, we 
have 

From this and \n{n, Zo)o{n) = o(l) it follows that 


liminfdeg(iin)Adeg(j?„)(/^f7,„,2:o) < liminfnAn(/i,^o). 

n—^ryn t=>\ '‘■j u ri.—^ryn 


Therefore (I3.33P and (I3.20p yields that 


27r 


/ dgc\K{zG 

i dn 


{zo,oo) 


-1 




A — B 

+ ^1 i-^-i-^ < liminfnA„(/i,2;o), 

j log A — log B n^oo 


and since e > 0 was arbitrary, the application of Lemma 13.21 yields our desired lower 
estimate 


-1 




(3.40) 


follows. 


Upper estimate. Let = {z € C : |T 7 v( 2 :)| = 1} be a lemniscate given by the second 
part of Lemma l3.4[ where T^r is a polynomial of degree N, such that touches J at zq, 
containts K in its interior, and if L denotes the enclosed lemniscate domain, we have 

dgc\L{zo,oo) <9gc\x(^o,oo) _ 

5n “ dn 

Without the loss of generality, we can assume that Ti^{zq) = As before (see the 

beginning of Section [3.2p . divides into N disjoint arcs fii U • • • U (Tat, and we 

can assume that zq € ai- Let Qn{z) be the extremal polynomial for A„(gT, where, 

d/iT(e**) = i’T(e**)dt, with the ut defined in (|3.2I) . Define 

Rn{z) := Qn{TN{z))Sn,zo,L{z), 

where Sn,zo,L is the fast decreasing polynomial given by Theorem 12.31 i?„ is a polynomial 
of degree at most nN + and |iZri(zo)| = 1- Let /„ := {z G J : \z* — zq\ < 
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-5/4 


as defined in Lemma [.S.61 With (j.S.16j> . (I3.18p and (I3.35j) . we obtain 

f \Rn{z)\‘^wo{z)vK{fJ^{z))dsj{z) 

Jz*€ln 

= (1 + o(l))n;o(zo) [ \Rn{z)fvM{fJ^iz))dsj{z) 

'—V—' j z* e/„ 

=1 

[ |Q„(r^(z*))|2|r;(z*)|nT(r^(^*))d5..„(z*) + Cn-5/" 
l^jv(^0)| Jai 

= r \Qnie“)fMe“)dt + On-^/* 

LArl^o)! Jo 

= ^-^A„(/ZT,e-/2) + Cn-5/4 
= ^ ^gC\Lj^O,Oo) ^ ^ 

To estimate Jj'^j \Rn{z)\‘^vu{fJ^{z))wo{z)dsj{z), we shall note that similarly as before, 
due to the Nikolskii inequality (see Theorem 12.61 and the remark after that), HQnlloo = 
0(n^/^). On the other hand, we have \Sn,zo,L{z)\ < for all z € \ 

Therefore 

[ \Rniz)\^dfi{z)=o{q^"'"’') 

Jj\In 

for some |q| < 1. Combining these two estimates, we obtain 
'^deg(_R„) (/^) ^o) ^ / \Rniz)\‘^dfi{z) 

Lthh (/*A^) + Cn- V + 


< 


N 




and the application (|3.4ip . (|3.42p yields 

limsupdeg(iin)Adeg(i?„)(/4,zo) < limsup(niV + n^°®/^^°)Adeg(jj„)(Ai, ^o) 

n^oo n—¥oo 

< limsup (nXnifiT, 


< limsup 

n^oo 


dn 

dgc\K{zo,oo) 


-1 


= 27r 


cln 

dgc\K{zo,oo) 

dn 


- e 

-1 


nA„(/XT,e*’"/^) 

A-B 


— e 


log A — log B 


Since e > 0 was arbitrary, with the application of Lemma [3. 2 1 we obtain the desired estimate 


limsupreAn(/i, zo) < 27r 
n—>-cx) 


/ dgc\K{z(i 

i dn 


{zo,oo) 


A-B 


log A — log B 


(3.43) 


The combination of p3.4UI) and p3.43l) yields Theorem 11.61 
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